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S
hicXfqKm!dZqKi^hi
#(d)
hUhq
L(b, P )
p]WHKXf]hU
|= φ#(d)

Á¡UWUWYpLN]WHKNLdmpNMUcdf
φ
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
GIHpN
AnyE
LdmKXfh§]_^LXf]`noHpNUQmpdnMYpLNMqA]`UQLXZmpN{dZ;XUlhqpZNNMNMLNMqA]V{Î]}HKXZUQz4NMNMqnoHpdAUlNVq
hqKUl]WNXZm{dfK]`HpNIiNUWU+jNMqpNVb`XZ
¡®2±2°\±`²K­U`noHpNMLX*UWhiqKnMNhi]µnﬂdjYpmz4NIYKUlNmhqXQnMdZqKUl]WboXfhqpNmﬁNﬂ[\hU_]`NMqA]WhXf
¢AYKXZqA]Whi½2nMXf]WhdZq +ÎÃqkKXZbl]`hnMYpXZbVAhi]hUµk4djU`UlhzpN]`dLd\m\NM
AnyT
YKUWhqp}]WHKN:djbWL{YpX
∃N : (N > 0) :
NAnyE

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Nm\Nﬂ½KqKNﬁ]WHKN{b`NMXy]`hidjq
d |= A
ÈLNVXZqphqp]`HKXy]Q]WHpNm\d\nﬂYpLNVqj]
d
UWXf]WhU_½KNU]`HpNdjbWL{YpX
A
}GIHphU
b`NMXy]`hidjqﬁhU?m\Nﬂ½KqKNVm{hiqKmpYKn¼]`hixjNM^}dZq{]WHpNIm\Nﬂ½2qph§]`hidjq{dZ
A
Xfq2m}]WHKN;NVxyXfYKXy]`hidjqb`YpiNU	Xfb`Nµ]`HpNUWXZLNµdZb
b`NMjYpXfbIXfqKmnﬂdjYpqA]WhqpdjbWL{YpXZUV+hq!]WHpNQdZdyhiqp2\NQYKUWNQ]WHpNﬁUW^Lz4dZ
Ψ
]`dUl]`XZqKmdjb;dZb`LYpXZU
dZ+UWdZbW]
S

T
djb
A

.Û\



Kf
/× 
d |= a[Ψ]
h
(d = a[d′]) ∧ (d′ |= Ψ)
d |= AnyE
h
(d = a[d′])
d |= Datatype
h
(d =
nVU_]
) ∧ (
nVU_]
∈ Datatype)
d |=
nMUl] h
d =
nMUl]
d |= 
h
d = 
d |= S, S′
h
(d = d1 · d2) ∧ (d1 |= S) ∧ (d2 |= S′)
d |= S∗
h
(d = )∨(d = d1 · . . . · dp ∧ ∀i ∈ 1..p, di |= S)
d |= ∃N : φ(N) : N1E1 & . . . & NpEp
h
∃n1, . . . , np, ∃(e
j
1)j∈1..n1 , . . . , (e
j
p)j∈1..np
e
j
i |= Ei ∧ |= φ(n1, . . . , np) ∧ d ∈ inter(e
1
1 · . . . · e
np
p )
d |= Ψ∨Ψ′
h
(d |= Ψ) ∨ (d |= Ψ′)
d |= ¬Ψ
h qpdZ]
(d |= Ψ)
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ÇQhxZNVqXdjbWL{YpX
A
dZ:Æ\cÀ]`HpNLd\m\NMU}df
A
hU*]WHpNUWNﬂ]
Mod(A) =   {d | d |= A}
dfXf
mpdnMYpLNMqA]`UILXf]`noHphqp
A

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 NﬁUl]`XfbW]IzA^m\Nﬂ½2qphiqKUWdZLN}UW^AqA]oXZn¼]`hnQUWYpjXZbV?GIHpN*Ld\mpXfh§]_^
True
hÀz2N}YKUWNVm!djb]oXfY\]`dZdZjhiNUM
]`HKXy]ﬁhU}djbWL{YpXZU}U`Xy]WhUl½KNVmÉz^ÉXfµm\d\nMYpLNMqA]`U!¸hi¿jN
T ∨¬T
dZb}hqKUl]`Xfq2nﬂNZ »  NXfUWd8mpNﬂ½KqpN]WHpN
qKdf]`Xf]WhdZq
E1 & . . . & Ep
ÛdZb*]`HpNdZb`LYpX8UWXf]WhU_½2NVmÉzA^Ém\d\nﬂYpLNMqA]oU*LXjm\NdfIXŁUlN¢AYpNMqKnMNdf
p
NViNVLNMqA]`U¡LXy]`noHKhiqp
E1
?MMV
Ep
ÀbWNVjXfbom\NVU`Udfµ]WHpNVhib*dZbom\NVbV* h¿ZNVhUWNZÈ;N{m\NM½KqpN{]WHpNqpdZ]`Xy]`hidjq
(a[S] & · · · )
dZb)]WHpN;dZb`LYKX¡UWXf]WhU_½KNm}z^ﬁm\d\nﬂYpLNVqj]oU	nﬂdZqA]oXfhqphiqK¡Xy]	NVXZUl]	dZqpNNMNMLNMqA]?LXy]`noHKhiqp
a[S]

(E1 & . . . & Ep) =   ∃N : (N1 = 1)∧ . . .∧(Np = 1) : N1E1 & . . . & NpEp
(a[S] & · · · ) =   ∃N1, N2 : (N1 = 1)∧(N2 > 0) : N1a[S] & N2AnyE
ÛNﬂ]¡Y2U:XZU`UWYpLN}]WHKXf]QXz4ddZ¿bWNMNMb`NMqKnMNﬁhUZhxZNVqŁz^]`HpN{XZY\]WHpdjb½KNVm K]`HpNﬁ]`h§]`iNXfqKm8]`HpNﬁ^jNVXfb
dZkpYpzphnVXy]`hidjq Á&nﬂdjiNVnﬂ]WhdZqhUXUWNV¢AYpNVqKnﬂNdZ:UlY2noHNMqA]Wb`hiNUMŁGIHpNbWNMNMb`NMqKnMNVU}LX^HKXxZNz4NMNVq
nMdZiNn¼]`NVmhiqUWNMxjNMboXfpmpXf]`XZzKXZUWNVUcXZqKmN¡nMXfqKqpdf]cz4N:UWYpbWNdZÈ]WHpNdjb`mpNMbcdZ2]`HpN½KNVmKUM	GIHpNdjidyhiqK
djbWL{YpXŁLXy]`noHKNVUnMdZiNn¼]`hidjqKU}dfz4ddZ¿\Uﬁb`hi]l]WNVq7z^1*qAYp]WHdZbÛXZLk4dZbW]{XZqKm]WH2Xy]nMdZqA]`XZhiq2UXZU
LXZqA^dnVnﬂYpb`b`NMqKnMNVU;df+z2ddZ¿\UIb`h§]W]WNVqz^ 1*qY\]`H]WHKXZq!b`h§]W]WNVqz^)XfLk4dZbW]V
collection [ book [ author [String] & title[String] & year [String] ]∗ ]
∧
collection [ ∃N,M : (N = M) :
Nbook [(author [ 
1*qY\]`H
 ] & · · · )]
& Mbook [(author [ 
)XfLk2djbl]
 ] & · · · )]
]
w:Nﬂ[]V;N¡m\NM½KqpN*X}qpNM nﬂXZU`UcdfÀ]`bWNVN¡XZY\]WdjLXf]`X*]`HKXy]Ihi4z2NQYKUWNVm]`d{m\Nnﬂhm\NQÆpcAhiq]WHpNQUlNVqKUlN
]`HKXy]?]`HpN:UWNﬂ]cdZÈm\d\nMYpLNMqA]`U?LXf]`noHpNm{z^XQdjbWL{YpX¡h2nﬂdjbWb`NVUWk4dZqKmﬁ]Wd*]WHKNUlNM]cdfÈ]WNVbWLU?XZnVnﬂNVk\]WNm
z^XZqXZY\]WdjLXy]Wdjq 

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hi]WH!¡gÉUWnoHpNVLXy]`XK+Á¥LXfhq
mphUl]WhqKn¼]`hidjqÄhi]WH¤dZ]WHpNVbXfY\]`dZLXy]oXyzKXZUWNVm7XZkpkpb`djXjnoH chi¿jNŁËK­`ÏVÐj­Ìy«\¯Ã©y¬Ìy¯ÃÌ  sﬁdjbNﬂ[pXfLkpNZhU
]`HKXy];NmpdqKdf]d\nﬂYKUdjqÂb`NMZYKXZbNM[\kpbWNUWUWhdZqKU{dyxZNVb{kKXf]WHKUzpYp]V;hiqKUl]WNXZmÀ;nﬂdjqKnﬂNVqj]`b`Xf]WNdZqÄ]WHpN
&
dZk4NMboXy]WdjbVA]`HKXy]hUIdZqpN*dZ)]`HpNﬁnoHphNﬂ?XZmpm\hi]WhdZqdf+¡g7ÆpnoHpNMLXh§]`H8bWNUlk4NVnﬂ]]Wdº¡Gº{
GIHpNﬁmpNﬂ½Kqphi]WhdZq2Ukpb`NVUWNMqA]WNmHpNVbWN*HKXxjN*z2NVNMq]Wb`hiLLNVm8m\dyq!dZb]WHpNﬁU`Xf¿jN¡dZ+zpb`NMxhi]_^Z\zpYp]]WHpN
boXfLNVdjbW¿Q]WH2Xy]c;NHKXxZN;kpb`dZk4djUWNVmﬁhU	´XZb?LdjbWNIb`hnoHXfq2mjNMqpNVb`XZ/ pdZb?NM[pXfLkpNZfhq]WHpNnMdZLkpNﬂ]WN
xjNMboUlhdZqdZ dZYpb;nﬂXZU`UcdfÛXZY\]WdjLXy]Wdjq ANQnﬂdZq2Ulhm\NMbbWhnoHUWNﬂ]`UdfÛnMdZqKUl]WboXfhqA]`U?z4Nﬂ]_;NMNVqUWYpz\]Wb`NMNU OV~ <
gdZb`NMdyxZNVbV	]`HpNŁm\Nﬂ½2qph§]`hidjq¤df*ÆpÁ nMXfq>z4NNM[]WNMq2m\NVmÄ]WdXZqA^ÄUlhZqKXf]WYpb`NhiqxZdjixhqpb`NMNYpq2n¼]WhdZq
UW^Lz4dZUXfqKmŁXZqŁXfb`zph§]`b`XZbW^qYpL{z2NVb:dZ	XjUWUWd\nﬂhXy]WhxZN}XZqKm8Á ÑUW^Lz4dZUMpjhixhqpXfq8NViNVjXfqA]IX^]Wd
Ld\m\NVÀ¡gXf]l]Wb`hzpY\]WNUM
ü)ü 32ﬂý54þ
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Á¸´z2dZ]l]WdjL<Ypk4»¡UWHpNXxZNVUQXfYp]WdZLXf]WdZqÛ
A
 hU*X!]Wb`hkpiN
〈QA, Q  , R〉
HpNVbWN
QA
hU}X½2qph§]`NUlNM]*dZ
Ul]`Xf]WNUM
{q1, . . . , qp}

Q 
hU:XUWNﬂ]:dZ	½KqKXf+U_]oXy]`NVUhqKnMiYKmpNVm8hq
QA
4XfqKm
R
hU:XUWNﬂ]:dZ	]WboXfqKUWh§]`hidjq
b`YpNVUV?GÛboXfqKUWhi]WhdZqbWYpNVUXZbWNQdf+]WHKbWNVNQ¿hqKmpU
¸/Gµ^k4NO»
c→ q
¸/Gµ^k4N}|j»
a[q′] → q
¸/Gµ^k4N*vA»
φ(N1, . . . , Np) ` Reg(QA) → q
G^k2N*OIXfqKm]_^k2N|¡bWYKiNU+nMdZb`bWNUlk4dZq2m*]WdQ]WHKN]`b`XZqKUWh§]`hidjqb`YpiNU)dZYpqKm{hq{b`NMjYpXZb+]Wb`NMNIXfY\]`dZLXy]oX
djbnﬂdjqKU_]oXfqA]`U*¸´iNXxZNQqpd\m\NVUo»;XfqKmYpqKXZbW^YKqKn¼]`hidjq8UW^Lz4dZUM?G^k2N}vbWYKiNUM\djb}ªo©f®pÊ¼¯ 	`Ìy¶·®4­oÏ&	¼«"ﬀi­¼Ê¼
XZbWN]WHpNÉdZqp^£XZmpm\hi]WhdZqÑ]Wd7]`HpNbWNVZYpXfb]`bWNVNÉXZY\]WdjLXf]`XLd\m\NVQXZqKmÑXfb`NYKUWNVm£]WdÄnMdZLkpY\]`N¦djq
qKdmpNVUzpYph§]YKUWhqp¦]`HpNŁnﬂdjqKnMXf]WNMq2Xy]WhdZqÂdZk4NMboXy]Wdjb¸]WHpN8djqpi^qKdmpNVUhi]WH¤XfqÂYKqAz4dZYKqKm\NVm>Xfb`hi]_^Z »
ÎÃq¦]_^k2Nv!bWYpNVUV
Reg(QA)
hU}Xb`NMjYpXZb¡NM[\kpbWNUWUWhdZqdjq]WHKNXZikKHKXfz4Nﬂ]
QA = {q1, . . . , qp}
¸hi]WH
nMdZqKnVXy]`NMqKXf]WhdZq
·
	YpqKhidjq
+
XZqKmh§]`NMboXy]`hidjq
∗
»}Xfq2m
φ(N1, . . . , Np)
hUXŁacb`NVUWzpYpb`ZNVb U}Xfb`hi]WHpLNﬂ]`hn
djbWL{YpXhq]WHpNQb`NMN}xyXfb`hXZzpNVU
N1, . . . , Np
?ÎÃqA]`Yph§]`hixjNM^Z]`HpN}xyXfb`hXZzpiN
Ni
mpNMqpdZ]WNVU;]`HpN}qYpLz4NMbdZ
d\nVnﬂYpb`bWNVqKnﬂNUdZ?]WHpNU_]oXy]`N
qi
hqÉXbWYpqÉdf?]`HpNXZY\]WdjLXy]`XKQÁr]_^k2Nvb`YpNVU¡LX^!½2bWNh§N{HKXxZNX
]`NMb`L&df+]WHKN*dZb`L
d1 · . . . · dn
UWYKnoH!]WHKXf]
]WHpN*]`NMb`L
di
iNXZmpU;]`dXU_]oXy]WN
qji ∈ QA
dZb:XZi
i ∈ 1..n 
]WHpN};dZbom
qj1 · . . . · qjn
hUIhq]WHpN}XfqpjYKXfjNQmpNﬂ½KqpNmzA^
Reg(QA) 
]WHpNQdjbWL{YpX
φ#(qj1 · . . . · qjn)
hUIUWXf]WhU_½KNmÀ4¶ ﬂ·­ ﬂ
|= φ(n1, . . . , np)
HpNMb`N
ni
hU]WHpNQqYpLz4NMb
df	d\nMnﬂYKbWb`NMqKnMNVU;df
qi
hq
(qj1 · . . . · qjn)

ÎÃq}djb`m\NVbÈ]Wdz4Nﬂ]W]WNMb+U_]`bWNUWU4]`HpNµnMdZqpqpNn¼]`hidjqQz4Nﬂ]_;NMNVqQ]WHpNcxyXZbWhXfzpN
Ni
hqQ]WHpNcdZb`LYpX
φ(N1, . . . , Np)

XZqKmŁ]`HpNqYpLz4NMb}dZµd\nMnﬂYKbWb`NMqKnMNVU¡df
qi
hiqÉ]WHKN;dZbompU*XZnVnﬂNVk\]WNmz^
Reg(QA)
¸HKNMb`N
QA
hUQ]WHpN
UWNﬂ]
{q1, . . . , qp}
»¼À;N{hi?dZ·]WNVq¦YKUWN
# qi
hqKUl]WNXZmdZ
Ni
XjUQX!xyXfb`hXZzpNqKXZLNhqX!acb`NVUWzpYpb`ZNMb  U
djbWL{YpXp\XfqKmb`h§]`NQ]_^Ak4NﬁvbWYKiNUIhiq]WHKN*dZidyhqp;X^ 
¸/Gµ^k4N}vj»
φ(# q1, . . . ,# qp) ` Reg(QA) → q
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QA = {qa, qb, qs}
c¯Ëp­ﬁÊﬂ­M¯©ﬃ?³c®ÈÌ ﬀÀÊ¼¯ÃÌy¯Ã­¼Ê
Q = {qs}
Ìy®ÈÏ¯Ëp­ﬁÊM­ﬂ¯I©ﬃ}¯ 	WÌf®pÊ¼¶·¯/¶´©f® 	¼«"ﬀi­ﬂÊ
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
→ qs a[qs] → qa (# qa = # qb)∧(# qs > 0) ` (qa + qb)∗ → qs
c→ qs b[qs] → qb
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 Ê*¯ËpÌy®
b
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² ﬀi­¯·ËK­}¯Ã­	¼¬{Ê
a[] · b[] · b[] · a[]
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dZb`L
True ` Reg(QA) → q
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φ(# q1, . . . ,# qp) ` AnyT → q
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c→A q ∈ R
c→A q
¸´G^Ak4Nﬁ|Z»
d→A q′ n[q′] →A q ∈ R
n[d] →A q
¸/Gµ^k4N}vj»
e1 →A qj1 . . . en →A qjn φ(# q1, . . . ,# qp) ` Reg(QA) →A q ∈ R (n > 2)
qj1 · . . . · qjn ∈ Reg(QA) |= φ#(qj1 · . . . · qjn)
e1 · . . . · en →A q
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d → a[c] · b[a[qs] · b[c]] → a[qs] · b[a[qs] · b[c]] → a[qs] · b[a[qs] · b[qs]]
→ qa · b[a[qs] · b[qs]] → qa · b[a[qs] · qb] → qa · b[qa · qb]
?
→ qa · b[qs] → qa · qb
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→ qs
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(qa | qb)∗
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XZY\]WdjLXy]Wdjq
A
h§?]`HpNMb`NﬁhU:X½KqKXZ)Ul]`Xy]`N
q ∈ Q 
UWYKnoH8]WH2Xy]
t →A q
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q1 · . . . · qn
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 Ê{¯·ËKÌy®
qb
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qna · q
n
b · q
n
c
¸ e_YKUl]I]`Xf¿jN]`HpN¡aµbWNUlzpYKbWjNMb  UnﬂdZq2U_]`b`XZhiqA]
(# qa = # qb)∧(# qb = # qc)
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XZY\]WdjLXy]`XK
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]WHpNﬁm\hU`nﬂb`hiLhqKXy]`hixjN¡k4dyNVbIdf?m\Nﬂ]`NMb`LhqphU_]`hn
XZqKm>qpdZqpm\NM]WNVbWLhqphUl]Whn8XfY\]`dZLXy]oXhULXZhiqp^ÄXb`NVUWYpi]df*hiqA]`NMboXZn¼]`hidjqKUz4Nﬂ]_;NMNMq£nMdZYpqA]WhqpXfq2m
b`NMjYpXfbInﬂdZq2U_]`b`XZhiqA]`UIXZqKm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Σ = {a, b}

L = { w1 · w2 · w3 · w4 | w1, w3 ∈ a∗, w2, w4 ∈ b∗,
#a w1 = #b w2 > 1,
#a w3 = #b w4 > 1 }
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L
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an · bn · am · bm
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n,m > 0


NnMXfq¦hm\NVqA]Whi^
NXZnoH;dZbomhiq
L
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a→ qa1 b→ qb1 a→ qa2 b→ qb2
(# qa1 = # qb1) ∧ (# qa2 = # qb2) ` qa1 ∗ ·qb1 ∗ ·qa2 ∗ ·qb2∗ → qs
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df	nﬂdjqKU_]oXfqA]`UXZqKmXUWNﬂ]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hi]WH]`HpNINﬂ[\kpb`NVU`UlhdZq
⋃
{Q | Q ∈
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hUQm\Nﬂ]`NMb`LhiqphUl]WhnXfq2mnﬂdjLkKiNM]WN{XZqKm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